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Suppose now that instead of using path compression and linking by rank, we use path compression and naïve linking, in which we link x and y by making x the parent of y.  The amortized analysis that gives 
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per operation breaks down for two reasons. The first is that ranks (hence levels and indexes) are undefined. We can fix this by defining ranks as follows: an initial singleton node has rank 0; when a link of x and y is performed, ranking x the parent of y, we replace the rank of x by 
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 Then many of the needed properties of ranks hold. Specifically, the rank of a node starts at 0, can increase but not decrease while x is a root, and remains constant once x is a non-root.  Also, 
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and once x has a parent 
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remains fixed but 
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can only increase. Even with this definition of rank, the analysis breaks down, because the rank of a root can increase by up to 
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 during a link, and the amortized time for a link is no longer 
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We can obtain an 
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amortized time bound per operation in this case by changing the potential function, however. We define the log-level of a non-root node x to be 
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 Then 
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 We define the potential of a node x to be 0 if it is a root and 
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if it is a non-root. Then the initial potential is zero, and the potential is always non-negative, so the total time of an arbitrary sequence of operations is at most the sum of their amortized times.

Consider an operation 
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 The actual time is O(1). The potential of every node except x either stays the same or decreases. The potential of x can increase by at most 
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 (from 0 to 
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). Then the amortized time of a link is 
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Consider a find with compression. Let 
[image: image16.wmf]l

be the number of nodes on the find path. No node can have its potential increase as a result of the find. We shall show that at least 
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nodes on the find path have their potential decrease by at least one as a result of the compression. This implies that the amortized time of the find is at most 
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Let x be a node on the find path such that x is followed on the find path by another non-root node y such that 
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 All but at most 
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 nodes on the find path (the last for each possible log-level and the root) satisfy this property. Let 
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 Before the compression, 
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and 
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 After the compression, the new parent of x has rank at least that of the old parent of y, which means that 
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 where 
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denotes the new parent, and the compression causes the log-level of x to increase by at least one, and hence its potential to decrease by at least one.
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